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rp Cr*CP(T)dT
(4)

Thus, cooling time is seen to be proportional to particle radius
and inversely proportional at mean emissivity. For s = 0.25 and
particle radii 5 /im, cooling times are ~2 sec for 10-/an radiation.
With particle exhaust velocities of 1500 to 2500 m/sec, the
radiating plume will be 6 to 10 km long, with the brightest parts
within 0.6 to 1.0 km of the rocket nozzle. Particles do not spend
much time at the higher temperatures, but cool relatively quickly
to lower temperatures. Thus, the total cooling time is very
insensitive to particle initial temperature. The most important
factors in cooling time are mean emissivity, e, and particle
radius, r. This cooling time for the plume observed in field
measurements can be analyzed to yield mean particle emissivity,
e. This result, combined with a measure of sje as previously
discussed, yields eA.

The purpose of this work is to provide a basis for rocket-
plume infrared data analysis. Once such measurements determine
the emissivity of the rocket exhaust particles, more accurate
predictions of particle plume radiant emission profiles can be
made.
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However, except for Ref. 4, they are all limited only to two-
dimensional quantities (3x3 matrix) since the majority of com-
posites are in the form of thin plates or shells. But when the
layered composites are not in the form of thin plates or shells
or when the plate or shell models are not suitable for the
analysis, the layered composite has to be treated as anisotropic
solid. In this case the properties associated with third direction
can not be neglected. Therefore, it is necessary to generate a
complete 6x6 matrix for elastic moduli which takes into account
the properties in all three directions. The objective of this
Note is to derive the complete moduli matrix for the class of
anisotropic solid composed of layered media. In the present
Note no limitation is imposed on the type of anisotropy each
constituent layer can possess, whereas in Ref. 4 it is restricted
to monoclinic anisotropy. Therefore the present treatment is
more general than that of Ref. 4 and that it is carried out in
more concise form, although the approaches of both are in
principle the same. Explicit expressions are obtained for two-
layered angle ply composite which is of most common interest
to us. Although only the gross or approximate properties in the
sense of composite theory are obtained here, they can be used in
solving three-dimensional problems.

Basic Equations
Consider an infinitesimal element of composite media made of

n layers of anisotropic material (Fig. 1). Each layer may have its
planes of elastic symmetry in arbitrary orientation with respect
to coordinate system. For the case of fiber reinforced material
this implies that each layer may have arbitrary fiber orientation
with respect to coordinate axes. Let us apply to this element a
constant strain field [ex] and constant stress field [s J where

J = PJ = (1)

It should be stated here that some of the notations used here
may not have the same meanings as those commonly used in
laminated plate theory and the readers should be cautious not
to be confused with their definitions. The stress-strain relations
for ith layer may then be written asm
where

(3)

with superscript and subscript i denoting ith layer and super-
script T denoting matrix transpose. At, H{, Cif and Ht

T are sub-
matrices in stiffness matrix. It should be noted here that Ai and
Ct are both symmetric matrices.

Equations (2) give us
S; = ̂ -X+H ;̂ (4)
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Introduction

FORMULA for obtaining the effective moduli (or stiffnesses)
of laminated composites are given in many references.1"4
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Fig. 1 Element of
layered composite.
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where for brevity the matrix symbol [ ] has been omitted.
Without loss of generality all the layers are assumed to have

the same thickness. Then the average stress sx and the average
strain ez for the element are expressed as

1 .

= sz-XCi-1-ex-n n
Substituting Eq. (5) into (6) we get

Let P = (l/rc)LC4.-#; Ct~ ̂ H^, E = (l
(l/nJZCj"1, and notice here that, since C£ is symmetric, C,
and F are also symmetric and it can be shown
ECf lHt

T = (LH. Q- 1)T = ET. This allows Eqs. (8) and (7) to be
written as

±" \ /

[3-1 '•H

e, = FS,-ETex

From Eq. (10) we obtain

Substituting Eq. (11) into Eq. (9) yields, together with Eq. (11),
ET EF-1'

F~
Equations (12) is the average stress-strain relations of the layered
media. Here, again, because F"1 is symmetric, hence it follows
from matrix algebra that F~1ET = (EF'1)7 and the equivalent
stiffness matrix is symmetric.

Example
For the purpose of demonstration let us consider a two-ply

composite (n = 2) of + a fiber orientation with planes of elastic
symmetry parallel to x-y plane. For this unidirectional composite
we have

sym.

(5)

lave
rage F =

1 Q

A
^33

0 ^
^45

0 0

(6)

0

0

r1

~^33 0 0

A 2

0 4 *3 n4 /4

0 0 v455- ——

(14)

*+•*+•

(7) where ptj = A^- Ai3Aj3/A33 (i = 1,2,6). We finally obtain the
effective moduli as
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and

r -iC, —
A -4- A^55 ^ ^45
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where A45 = A44.A55 — A45
2 and the top sign applies to i = 1( + a)

and the bottom sign to i = 2( — a).
From them we obtain
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(15)
Identical result can be obtained using Eqs. (7-9) of Ref. 4.
Equation (15) shows that this two layered composite is ortho-
tropic and the simple averaging process is applicable in obtaining
the effective moduli except the shear rigidities.

It should be emphasized here that the present derivation is
primarily for equivalent homogeneous properties of three-
dimensional anisotropic solid. However, some remark will be
made on its applications to plates and shells. Notice that, in
Eq. (15), the shear rigidity in the x-y plane is now
(A66 — A36

2/A33) instead of only A66 which is for classical homo-
geneous plate or shell type structure. This is because in the latter
case, conventionally, we are only dealing with Ai in Eq. (2) and
consequently the term A36

2/A33 simply does not appear. For
laminated plates or shells, if the normal stress az is negligible,
we obtain from third of Eq. (15)

33
(16)

By substituting Eq. (16) into the rest of Eq. (15), we have for
membrane properties

[A] = I?][A] (17)
Equation (17) can also be obtained by simple averaging of the
quantities for single layer given by Whitney5 or Ashton and
Whitney.6 Although Eq. (17) may be used in obtaining the in-
plane stiffnesses of the classical laminated plate or shell, in
general it is not advisable to be used in calculating the bending
stiffnesses unless the composite can be considered as equivalent
homogeneous, for example the layered medium with repeating
layer pattern as mentioned in Ref. 4.

Similarly, for the applications of the present results of effective
moduli to plates or shells of laminated type including transverse
shear effect, homogeneous plate and shell theories such as
developed by Ambartsumyan1'7 should be used instead of
laminated plate theory such as given in Refs. 5 and 6. The
comparison of the two theories is out of the scope of this Note
and will be attempted in future, but in general it may be said
that as the number of repetition of the repeating layer pattern
increases the accuracy of the homogeneous plate theory will be
improved. However, if the number of layers is small, laminated
plate theory will yield better result.

As a final remark, we again emphasize that the present result
is best suited for application to anisotropic solids, plates, and
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shells which are considered to be homogeneous. It is also suitable
for application to plates or shells when effects associated with
transverse normal strain (or stress) are considered.8 It is reported
in Ref. 8 that sometimes this effect may exceed that of transverse
shear.
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Introduction

THE advantages of pulse-rebalance schemes for inertial in-
struments, as compared to continuous rebalance techniques,

are especially important where a digital computer is used to
process the signals provided by these instruments.1"7 A method
for deriving the rebalance signal which uses a triangular wave
modulation of the gyro signal is described here. This method
is intended for use in strapdown attitude reference systems of
advanced spacecraft and missiles.3

The purpose of the analysis and tests described here was two-
fold. First, a compensation network which assured a high static
gain of the control loop and stability was required. Without this
compensation the control loop exhibited a prominent limit
cycle oscillation, which had to be eliminated by the compen-
sation. Second, the steady-state accuracy of the entire system
was to be determined to assess the suitability of this instrument
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for strap-down applications. Both attitude and attitude rate can
be determined from the signal provided by this instrument.

Discrete Pulse- Width Modulated Rebalance System

The gyroscope used here is a Honeywell model GG334A3
single degree of freedom, gas bearing rotor, floated instrument.
A block diagram of the entire gyro control loop showing how
the digital signal is provided appears in Fig. 1. The transfer
function representing the float dynamics is

where C and / have the numerical values listed in Table 1. The
signal generator is excited by 8 volts (rms) at a precisely
controlled frequency of 6.4 KHz, giving the sensitivity listed in
Table 1. A conventional phase-sensitive demodulator (with
amplification) produces a full-wave rectified signal whose
average value is proportional to 9g, the angular deflection of the
output axis. The sensitivity of the amplifier-demodulator com-
bination is 9 v (average value) per volt (rms). An active filter is
used to smooth the full wave rectified output from the de-
modulator and to provide gain. The dynamics of this filter are
chosen so that very little distortion of the (relatively) slowly
fluctuating signal will occur while considerable smoothing of

Table 1 Physical characteristics of Honeywell GG334A3 gyroscope

Wheel momentum, H

Moment of inertia of float
Assembly about output axis,

Damping coefficient of
Float about output axis, C

Signal generator sensitivity,
(Excitation 8 v, 6.4 KHz)

Torquer sensitivity

2xl05GJR(cm)2(sec)-1

225 GR(cm)2

2.5 x 105 dyne-cm-sec.

18.7 mv (rms) per mrad

1.03 x 103 dyne-cm per ma


